The fastest-spinning neutron stars in low-mass X-ray binaries, despite having undergone millions of years of accretion, have been observed to spin well below the Keplerian break-up frequency. We simulate the spin evolution of synthetic populations of accreting neutron stars in order to assess whether gravitational waves can explain this behaviour and provide the distribution of spins that is observed. We model both persistent and transient accretion and consider two gravitational-wave-production mechanisms that could be present in these systems: thermal mountains and unstable rmodes. We consider the case of no gravitational-wave emission and observe that this does not match well with observation. We find evidence for gravitational waves being able to provide the observed spin distribution; the most promising mechanisms being a permanent quadrupole, thermal mountains and unstable r -modes. However, based on the resultant distributions alone it is difficult to distinguish between the competing mechanisms.
INTRODUCTION
Neutron stars (NSs) are among the most compact objects that we observe in our universe. For this reason, they are able to spin up to extremely high frequencies. The classical picture for the evolution of rapidly-spinning NSs begins with a NS accreting gas via a circumstellar accretion disc from their companion in a low-mass X-ray binary (LMXB; Alpar et al. 1982; Radhakrishnan & Srinivasan 1982) . This process causes the NS to spin up and, eventually, the NS accretes all the gas from its companion such that all that is left of the binary is a radio millisecond pulsar (RMSP). This scenario should, in theory, have no difficulty in spinning NSs up to their centrifugal break-up frequency (Cook et al. 1994) , which is generally above ∼ 1 kHz for most equations of state (Lattimer & Prakash 2007) . However, the fastest-spinning pulsar that has been observed to date is PSR J1748-2446ad which spins at 716 Hz (Hessels et al. 2006) ; well below the limit set by the break-up frequency. In fact, the distribution of spins for both LMXBs and RMSPs has been shown to have a statistically significant cut-off at 730 Hz (Chakrabarty et al. 2003; Patruno 2010) .
Accreting millisecond X-ray pulsars (AMXPs) are a sub-class of LMXBs which have been spun up to millisec-E-mail: f.w.r.gittins@soton.ac.uk ond periods through accretion (see Patruno & Watts 2012 for a review on AMXPs). They are characterised by their high accretion rates ( 10 −11 M yr −1 ) and comparatively weak magnetic fields (∼ 10 8 G). Another important sub-class of LMXBs are the nuclear-powered X-ray pulsars (NXPs). These pulsars show short-lived burst oscillations during thermonuclear burning on their surfaces and are distinct from AMXPs due to being powered by nuclear burning rather than accretion. 19 AMXPs and 10 NXPs have been observed to date.
It is unclear what physical process prevents these NSs from spinning up to sub-millisecond periods. One candidate is the interaction between the magnetic field and the accretion disc (Ghosh & Lamb 1978; White & Zhang 1997; Andersson et al. 2005) . Patruno et al. (2012) demonstrated that a magnetic-field strength at the magnetosphere of ∼ 10 8 G could be enough to explain the deficiency in accreting NSs above ∼ 700 Hz. More recently, it has been shown that transient accretion can have a significant impact on the spin evolution of an accreting NS (D'Angelo 2017; Bhattacharyya & Chakrabarty 2017) . In fact, Bhattacharyya & Chakrabarty (2017) noted that in the case of transient accretion, a magnetosphere of ∼ 10 8 G would no longer be sufficient to explain the spin limit. It was suggested by Bildsten (1998) and Andersson et al. (1999) that one would observe a spinfrequency limit to accreting NSs if they were emitting grav-itational waves (GWs), thus providing a torque to balance the accretion torques (Papaloizou & Pringle 1978; Wagoner 1984) .
Rapidly-rotating NSs have been the subject of many GW searches. These include searches of known radio pulsars (Abbott et al. 2004 (Abbott et al. , 2005b (Abbott et al. , 2007a (Abbott et al. , 2008b (Abbott et al. , 2010 (Abbott et al. , 2017c (Abbott et al. ,d, 2018b Abadie et al. 2011a,b; Aasi et al. 2014 Aasi et al. , 2015a , along with wide-parameter surveys for unknown pulsars (Abbott et al. 2005a (Abbott et al. , 2007b (Abbott et al. , 2008a (Abbott et al. , 2009 (Abbott et al. , 2016 (Abbott et al. , 2017b (Abbott et al. , 2018a Abadie et al. 2012; Aasi et al. 2013 ). Assuming torque balance, then the brightest X-ray sources should thus be the loudest in GW emission. Hence, Scorpius X-1 has long been considered a potential candidate for GW emission and has been the focus of a number of targeted GW searches (Abbott et al. 2007b (Abbott et al. , 2017a Aasi et al. 2015b ). These searches, while only yielding upper limits so far, have helped develop and improve data analysis techniques that can be used in the future, when GW detectors further increase their sensitivities. Detecting GWs from rotating NSs will be a challenge, since only a few of the most rapidly-accreting NSs are detectable with the current generation of GW detectors (Watts et al. 2008) . The main limiting factors in detecting GWs from these systems are the precision with which the spin and the orbital parameters are measured. If these are not well known, then it becomes computationally very expensive to run GW searches, since the searches need to run over a large parameter space. Patruno et al. (2017) performed a statistical analysis of accreting NSs in LMXBs and found that there is statistical evidence for the distribution to comprise two subpopulations: one at relatively low spin frequencies with an average of ≈ 300 Hz and the other at higher frequencies with an average of ≈ 575 Hz. The two sub-populations were shown to transition from one to the other in the region around ≈ 540 Hz. Patruno et al. (2017) suggested that GWs would provide a physical meaning to this transition region -above this point, GWs become significant.
In this paper, we investigate whether GWs are needed in order to explain the spin evolution of accreting NSs and what might be the dominant GW-production mechanism. This paper is structured as follows. To begin with, in Section 2, we introduce the basic theory regarding accretion in LMXBs and discuss how transient accretion can affect the spin evolution of accreting NSs. In Section 3, we provide a brief review of gravitational radiation in these systems and the different mechanisms that can give rise to such radiation. We describe our model for the spin evolution of accreting NSs in Section 4. In Section 5, we summarise the results of our NS population simulations, which include the different GW-production mechanisms. Finally, we conclude and suggest future work in Section 6.
ACCRETION IN LOW-MASS X-RAY BINARIES
In a LMXB, the companion star has overfilled its Roche lobe and is donating matter to the NS through the inner Lagrange point. Given this donated gas has some large specific angular momentum it cannot be transferred directly to the surface of the NS and instead forms a circumstellar accretion disc around it. The gas from the accretion disc is channelled onto the magnetic poles of the NS along the magnetic-field lines. This channelling occurs at what is known as the magnetospheric radius, r m , which is the characteristic radius where the magnetic field dominates interactions. At this boundary the magnetic field can, in turn, be distorted by the accreting gas. This coupling, between the field lines and the disc, results in a torque acting on the star that can spin it up or down depending on the relative difference between r m and the co-rotation radius,
which is the location of a Keplerian disc that rotates with the same frequency of the NS, where G is the gravitational constant, M is the mass of the NS, Ω = 2πν = 2π/P is its angular frequency, ν is the spin frequency and P is the spin period. If r m < r c , the NS spins slower than the accretion disc and so the gas that is channelled onto the NS has greater specific angular momentum than it, thus acting to spin it up. Conversely, if r m > r c , the NS spins faster than the disc, which spins it down. The magnetospheric radius is a somewhat poorly understood quantity. It is generally defined as the point where the kinetic energy of in-falling gas becomes comparable to the magnetic energy of the magnetosphere. For the straightforward case where the gas is radially accreted onto the NS, one can calculate the Alfvén radius, r A , from:
where ρ(r A ), v(r A ) and B(r A ) are the gas density, gas velocity and magnetic-field strength, respectively, at r A . This calculation gives the standard expression for the magnetospheric radius (Pringle & Rees 1972) :
where µ = BR 3 is the magnetic moment of the NS, M is the mass-accretion rate from the disc to the NS surface and R is the radius of the NS. This picture becomes more complicated when considering accretion from a circumstellar disc. A factor ξ of order unity is introduced to correct for the nonspherical geometry of the problem and also account for the extended transition region between where mass is accreted onto the star and where mass is ejected in an outflow. This gives the magnetospheric radius as
Typically, ξ is assumed to fall in the range 0.5 − 1.4 (Wang 1996) . This correction demonstrates that r m is sensitive to the coupling between the field lines and the accretion disc which plays a key role in understanding the magnetospheric radius.
Accretion-Torque Models
The spin evolution of a NS is dictated by the torques acting upon the star. By measuring the time derivative of the spin period, P, one can gain insight into the physics of accretion processes, as well as other aspects such as magnetic-field strengths and GW emission. The variation in spin is related to the torque exerted onto the NS by the standard expression
where I is the stellar moment of inertia. For a NS accreting from an accretion disc truncated at the magnetospheric transition, with r m < r c , the standard torque is (neglecting magnetic-field effects)
where Ω K (r m ) is the Keplerian angular velocity at r m . For r m > r c , the coupling between the magnetosphere and the accretion disc becomes important as the magnetic-field lines are threaded through the disc so extra torques due to magnetic stresses come into play. Ghosh & Lamb (1979) developed an accretion model based on detailed calculations of this coupling. The torque from this model predicts
where M 1.4 = M/1.4 M , R 6 = R/10 km, I 45 = I/10 45 g cm 2 , µ 30 = µ/10 30 G cm 3 , M −9 = M/10 −9 M yr −1 and n(ω s ) is the dimensionless torque which accounts for the magnetic fieldaccretion disc coupling and is a function of the fastness parameter ω s . The fastness parameter is defined as the ratio of the NS spin frequency to the Keplerian orbital frequency at the magnetospheric boundary,
The sign of n(ω s ) depends on whether the NS accretes the gas and spins up (the 'slow rotator' regime, ω s < 1) or ejects the gas and spins down (the 'fast rotator' regime, ω s > 1; Wang 1995) . It is interesting to note that a NS can still be spun down at long spin periods (P 1 s) as the magnetic field can be strong enough to mean it would still be classified as a fast rotator. Ho et al. (2014) introduced a simple approximation to the Ghosh & Lamb model by considering angular momentum changes on the NS. Matter accreting at the magnetosphere, r m , has specific angular momentum
where the sign of l acc depends on whether there is prograde rotation between the accretion disc and the NS (l acc > 0) or retrograde rotation (l acc < 0). Prograde rotation will be assumed. What must also be accounted for is matter that is ejected from the NS, which will carry specific angular momentum
Both of these effects produce a torque on the NS. The net torque is obtained by summing these contributions:
In this relation, one can see the standard spin-up torque due to disc accretion (Equation 6) which is corrected by the fastness parameter to account for magnetic-field interactions spinning down the NS. This expression can be related to the change in spin period using Equation (5) to obtain
It is clear from Equation (12) that the fastness parameter dictates whether the NS spins up or down.
A commonly considered aspect of a NS's spin evolution is the spin equilibrium. This occurs when the spin rate is gradually adjusted until the net torque on the star is approximately zero and the accretion flow is truncated at the magnetospheric radius, r m r c . When a NS reaches spin equilibrium, it is straightforward to estimate its magnetic field, assuming that the accretion rate and spin are known. One can estimate the spin-equilibrium period, P eq , from Equation (12) by setting P = 0, when ω s = 1:
where we have scaled the period to characteristic AMXP values.
Transient Accretion
Up until now, the accretion rate has been implicitly assumed to be steady. However, many LMXBs exhibit long periods of quiescence, which can be of the order of months to years, and short transient outbursts, which can last from days to weeks. These outbursts are believed to be caused by instabilities in the accretion disc and occur when the mass-accretion rate rises above a certain threshold (see, e.g., Lasota 1997).
As the companion star donates a steady flow of gas to the accretion disc, the disc gets larger and eventually reaches a critical mass to trigger an instability. This causes the accretion rate from the disc to the surface of the NS to increase by several orders of magnitude, giving rise to a transient outburst. Once the accretion disc has donated a sufficient amount of gas the system returns to a quiescent state until a new outburst occurs when the disc has accumulated enough mass from the companion and the cycle repeats (Done et al. 2007 ). D'Angelo (2017) and Bhattacharyya & Chakrabarty (2017) have shown that transient accretion with a varying accretion rate has a significant impact on the spin evolution of a NS. Both found that for a given long-term average accretion rate, these transients can spin up NSs to rates several times higher than that of persistent accretors, however, it takes approximately an order of magnitude longer to reach these spin-equilibrium periods. This demonstrates that for transient systems, like most LMXBs, it is not accurate to assume a time-averaged accretion rate but instead one must consider the outburst/quiescence phases. D'Angelo (2017) noted that the two key changes when considering transient accretion are: that the torque over an outburst is significantly smaller than for the persistent case at a given accretion rate and that the equilibrium accretion rate is shifted to a lower value. This has the combined effect to increase the time it takes for a transient source to reach spin equilibrium and decrease its spin-equilibrium period.
For their analysis, D'Angelo (2017) used a fast-rise, exponential-decay function to model the accretion profile (whereas Bhattacharyya & Chakrabarty 2017 used a simple sawtooth function):
where t denotes the time from the beginning of the outburst, F t is an approximate measure of the duration of the outburst and f min is the minimum. It should be noted that this function models a single outburst/quiescence cycle, so in order to model multiple cycles one repeats this after a given recurrence time, T recurrence . Time has arbitrary units in this model. The ratio of the maximum to the minimum is
This accretion profile requires two normalisations. The first normalisation chooses f max / f min to obtain f min for a fixed F t using Equation (15). The second normalisation is to demand that f (t) = 1. This normalisation depends on T recurrence and results in f min no longer corresponding precisely to the minimum value. These normalisations allow one to choose the magnitude of the accretion outburst, with respect to the quiescent accretion rate, and also mean that one can simply choose an average accretion rate over one cycle by multiplying Equation (14) by the chosen average. Thus, the time-dependant accretion rate is given by
where f (t) has been appropriately normalised. The canonical profile used by D'Angelo (2017) had F t = 10, f max / f min = 693.97 and T recurrence = 100 and is shown in Figure 1 .
GRAVITATIONAL RADIATION FROM ACCRETING NEUTRON STARS
Rotating NSs emit GWs if they are asymmetric about the axis of rotation. Such mass asymmetries are referred to as mountains. For a spinning NS with a mass-quadrupole moment Q 22 the braking torque due to GWs is given by
This corresponds to a spin-down rate of
In order to estimate how strong a quadrupole is needed in order to considerably influence the spin evolution of the NS it is useful to balance Equation (17) with the accretionmagnetosphere torque from Equation (11). This leads to
For a typical AMXP with B ∼ 10 8 G and M ∼ 10 −11 M yr −1 , this gives a quadrupole moment of Q 22 ∼ 10 36 g cm 2 in order to achieve spin equilibrium at ν ∼ 500 Hz. One can express a mass-quadrupole in terms of a moment of inertia ellipticity, defined as (see, e.g., Owen 2005) ≡ 8π 15
Therefore, in order to balance the accretion torque with GW spin-down, one requires ∼ 10 −9 . This is far smaller than the maximum deformation a NS crust can sustain for most reasonable equations of state (Johnson-McDaniel & Owen 2013 ). Recent population-based analysis has suggested that ≈ 10 −9 is the minimum ellipticity of millisecond pulsars (Woan et al. 2018 ).
An outstanding problem in understanding rapidlyspinning accreting NSs is their peculiar spin distribution (see Figure 2) . It is this unusual shape and, in particular, the sharp cut-off at ∼ 600 Hz that has motivated the search for GWs from these systems. This is an appealing explanation since the braking torque due to GWs scales as the fifth power of the spin frequency for deformed, rotating NSs. Patruno et al. (2017) have shown that among AMXPs and NXPs, there appear to be two sub-populations. One sub-population is at a relatively low spin-frequency, with a mean spin of ≈ 300 Hz. The second sub-population has a higher peak and a mean of ≈ 575 Hz. This faster subpopulation has a very narrow range and is composed of a mixture of AMXPs and NXPs. The two sub-populations are separated by a transition region around ≈ 540 Hz. Patruno et al. (2017) argued that, when considering various accretion torque models, no model naturally explains the presence of a fast sub-population and postulated that whatever mechanism that causes this clustering it must set in quickly -as soon as the pulsars reach a certain spin threshold. It was noted by Patruno et al. (2017) that this is a subtly different problem to the one of accreting NSs not spinning close to their break-up frequency. These two problems make GWs a promising avenue to explore. GWs can help justify the transition region between the two sub-populations and provide a physical meaning to it (the region in which GW emission starts to become significant), and naturally explain the cutoff at ∼ 600 Hz. There are a number of different ways a mass asymmetry could arise in an accreting NS. Bildsten (1998) originally proposed that interior temperature asymmetries misaligned with respect to the spin-axis of the NS could produce a significant quadrupole through temperature-sensitive electron captures. Hotter regions of the crust would have electron captures at lower pressures and so the density drop would occur at higher altitudes in the hotter parts of the crust. This is known as a thermal mountain (Bildsten 1998; Ushomirsky et al. 2000; Melatos & Payne 2005; Haskell et al. 2006; Payne & Melatos 2006; Johnson-McDaniel & Owen 2013) . Another mechanism through which mass-quadrupoles can be built are through mountains sustained by magnetic stresses, called magnetic mountains (Cutler 2002; Haskell et al. 2008) . These can occur when a NS has a sufficiently large toroidal or poloidal magnetic field which will act to distort the NS into an oblate or prolate shape and will naturally produce a quadrupole if the spin-and magnetic-axes are misaligned. A third way through which GWs can arise is through internal r -mode instabilities (Andersson 1998; Andersson et al. 1999; Levin 1999; Andersson et al. 2000 Andersson et al. , 2002 Heyl 2002; Wagoner 2002; Nayyar & Owen 2006; Bondarescu et al. 2007 ). In a perfect fluid, these modes are unstable for all rates of rotation due to GW emission.
We explored whether GWs could explain the observed distribution and, if so, whether there is a preference for any of the GW-production mechanisms. For our analysis, we did not consider mountains solely created by the magnetic field, nor did we consider magnetic mountains built through accretion. For these cases, the magnetic fields are not strong enough to sustain sufficiently large mountains for the spin evolution of these systems to be noticeably affected (see Haskell et al. 2008; Priymak et al. 2011; ).
SPIN-EVOLUTION MODEL
For this work, we constructed a model for the spin evolution of an accreting NS. We incorporated the accretionmagnetosphere coupling by using the model of Ho et al. (2014; Equation 12 ) and included a torque due to GW spindown (Equation 18 ). The spin rate is a first-order time derivative and so can be evolved numerically. Our assumed canonical values for a LMXB are shown in Table 1 . For our canonical NS we did not include GW effects. We assumed constant density for our NSs, which affected the moment of inertia. For simplicity, we did not model the magnetic-field evolution. The time a NS is evolved for is denoted as the evolution time.
Our model can evolve both persistent and transient accretors. For transient accretors we used a fast-rise, exponential-decay function, described in Section 2.2 by Equations (14-16), and evolved the time-averaged spinderivative, P(P, M) , which, for a given NS, is a function of the spin and accretion rate. It was important to evolve the time-average rather than the instantaneous spin rate, P(P, M), since the transient accretion profile makes it difficult to evaluate the time-derivative of the spin period for all values of t. For persistent accretors this was not a problem and so we could simply evolve P(P, M). Unless specified otherwise we used the following values for the transient accretion profile: F t = 10 yr, T recurrence = 100 yr and f max / f min = 10 4 . Most of our simulations turned out to be insensitive to the exact values of these parameters. Figure 3 shows the spin evolution of the canonical accreting NS with persistent and transient accretion. As was found by D'Angelo (2017) and Bhattacharyya & Chakrabarty (2017) , we see that the persistently-accreting NS initially spins up faster and reaches a final spin of ν = 678 Hz. The transient system spins up slower but obtains a faster final spin of ν = 1055 Hz. However, neither of the systems were evolved long enough to reach spin equilibrium. The upper limit of 10 10 yr for the evolution time was chosen since no system can evolve for longer than the age of the Universe.
SIMULATED POPULATIONS
In order to obtain a distribution of spins with which to compare to the observed distribution, we used a Monte Carlo population-synthesis method to draw the initial parameters from a given set of distributions and evolve each NS (see Possenti et al. 1998 for another NS population synthesis study). Each NS was assigned a mass, radius, magnetic-field strength, initial spin period, average accretion rate, massquadrupole moment and evolution time. We evolved 1000 NSs in each simulation.
The first simulations were evolved using the distributions shown in Table 2 . We fixed the masses and radii at 1.4 M and 10 km, respectively, to match the canonical values for NSs. Typically, AMXPs are measured to have magnetic fields of ∼ 10 8 G and so the field strength was taken from a log-Gaussian distribution with mean µ = 8.0 and standard deviation σ = 0.1. The initial spin period was drawn from a flat distribution between 0.01 − 0.1 s, which our simulations turned out to be relatively insensitive to. The correction factor ξ was chosen to be 0.5. The average accretion rate was motivated by observations of LMXBs and was given by a log-Gaussian with µ = −11.0 + log 10 (5) and σ = 0.1. For the initial simulations we assumed there was no GW component. We found that for evolution times much less than 10 9 yr the NSs would not have enough time to spin up to frequencies above 100 Hz and so the evolution time was taken from a flat-in-the-log distribution between 10 9 − 10 10 yr. The distribution was chosen to be flat-in-the-log in order for it to be scale-invariant (as was used by Possenti et al. 1998) , thus parametrising our uncertainty in the value of the evolution time.
The resultant spin-frequency distributions for persistent and transient accretors are shown in Figure 4 . One can see for this simple case that for both persistent and transient accretion we do indeed obtain NSs that spin in excess of 1 kHz. More generally, we observe that we get many NSs that spin faster than the observed spin-frequency limit of ∼ 600 Hz and, as one might expect, we find more high-frequency NSs for the transient case. This is because transient accretion enables these stars to spin to higher frequencies than with persistent accretion, provided they evolve for long enough. For both simulations we have not obtained the characteristic behaviour of the observed distribution since there is no evidence for a pile-up of NSs at high frequencies.
In order to quantify how different our simulated populations are to the observed population we applied a Kolmogorov-Smirnov test to the distributions. This test allows one to compare two distributions by testing the null hypothesis that the two distributions are the same. We chose a significance level of α = 0.10 for this work, which meant that should we have found p-values less than this value we could reject the null hypothesis with 90% certainty for that case. For the persistent accretors we obtained a p-value of p = 7.7 × 10 −2 and for the transient accretors we obtained p = 9.9 × 10 −4 . This meant that we could reject the null hypothesis at the 10% significance level that the observed distribution is drawn from the persistent population or the transient population. This demonstrates that a simple model for accretion is not sufficient to explain the observations of accreting NSs. Therefore, an additional component needs to be included into the model.
Including Gravitational-Wave Torques
We explored whether including a GW component to the spin evolution of accreting NSs could give us the observed spin distribution. Motivated by the necessary quadrupole in order to achieve torque balance (Equation 19), we repeated the same simulations but with a fixed Q 22 = 10 36 g cm 2 for all NSs. (Physically, this can be interpreted as a permanent crustal mountain.) Figure 5 shows the final-spin distributions for these simulations. This quadrupole has notably stopped the NSs from spinning up to sub-millisecond periods and has resulted in a pile-up centred on the 500 − 550 Hz bin for the persistent accretors and at 550 − 600 Hz for the transient accretors. This has appeared since the GW torque imposes a spin-frequency limit on the NSs. The peak for transient accretors is promising as this is where the peak lies for the spin distribution that we observe (cf. Figure 2) . Interestingly, there is also a broader peak at lower frequencies. We found that ≈ 19% of persistently-accreting NSs and ≈ 14% of transiently-accreting NSs reached spin equilibrium by the end of the simulation. The systems that had reached spin equilibrium were clustered around the high-frequency peaks. We obtained p = 0.19 and p = 0.80 for the persistent and transient cases, respectively, and therefore were unable to reject the null hypothesis for both populations. We investigated how sensitive the simulated populations were on the distribution of the evolution time. We ran a simulation with the same quadrupole and the evolution time distributed flat between 10 8 − 10 10 yr for transient accretors. This was motivated by assuming that NSs are born at a uniform rate, which is intuitively what one might expect, and that there are no selection effects to suggest that we are more likely to observe younger systems. The resultant spindistribution is shown in Figure 6 . As was observed in the case when the time was distributed flat-in-the-log, there exists a pronounced peak towards the higher spin-frequencies. However, there are far fewer systems spinning at frequencies below this peak. For this simulation we obtained a p-value of p = 1.2 × 10 −2 and thus could reject the null hypothesis. This distribution does not match what we observe.
Thermal Mountains
One of the most promising avenues for producing a massquadrupole on a fast-spinning, accreting NS is through thermal mountains built during accretion phases through asymmetries in pycnonuclear reaction rates . As a NS accretes matter composed of light elements, the matter becomes buried by accretion and is then compressed to higher densities. This causes the matter to undergo nuclear reactions such as electron captures, neutron emission and pycnonuclear reactions (Haensel & Zdunik 1990) . If the accretion flow is asymmetric this can cause asymmetries in density and heating which can produce a quadrupole moment. The quadrupole moment due to asymmetric crustal heating from nuclear reactions is approximated by (Ushomirsky et al. 2000) Q 22 ≈ 1.3 × 10 37 R 
where δT q is the quadrupolar temperature increase due to the nuclear reactions and E th is the threshold energy for the reactions to occur. The value δT q will be a fraction of the total heating (Ushomirsky & Rutledge 2001) ,
where k B is the Boltzmann constant, C is the heat capacity, p is the pressure, Q is the heat released locally due the reactions and ∆M is the accreted mass. Some of this heating will be converted into the quadrupolar temperature increase, however, it is unclear quite how much will be converted. Ushomirsky et al. (2000) estimate that δT q /δT 0.1, but, in reality, this ratio is poorly understood.
These thermal mountains are built during accretion outbursts. During quiescence phases, the deformations are washed away on a thermal timescale (Brown et al. 1998 yr.
If the system is in quiescence for longer than this timescale then the thermal mountain will be washed away and a new mountain will be built during the next outburst. We implemented the expression for a quadrupole moment due to these reactions from Equation (21) and assumed the following values for our NSs (as estimated by for the pulsar J1023+0038): C/baryon ≈ 10 −6 k B , E th = 30 MeV, p = 10 30 erg cm −3 and Q = 0.5 MeV. This meant that the quadrupole due to these reactions was dependent only on the accreted mass ∆M and the fraction δT q /δT. For this mechanism, we only considered transient accretion since in persistent accretion these mountains will not wash away, but, instead, will get progressively larger until the crust can no longer sustain them. This is effectively modelled through a fixed quadrupole that represents the largest mountain that can be built.
In our model, we calculated ∆M by numerically integrating the accretion profile from the beginning of the outburst up to F t . Our quiescence phases were long enough for the mountain to wash away during them. Unlike for our other Table 2 except for a fixed quadrupole of Q 22 = 10 36 g cm 2 and an evolution time distributed flat between 10 8 − 10 10 yr.
prescriptions, we found that for thermal mountains, the specific values which parametrise the outburst features were very important in dictating the final-spin distribution. Based on observations of X-ray transients, we chose F t = 0.1 yr, T recurrence = 2.0 yr and f max / f min = 10 4 . We simulated NSs that built thermal mountains with δT q /δT = 4 × 10 −4 . The left panel of Figure 7 shows the resultant distribution of final spins. We can see qualitatively that this distribution has similar features to the fixed quadrupole case (see the right panel of Figure 5 ). Another promising aspect of the final-spin distribution is the prominence of the high-frequency peak. Like what is observed, this peak is narrow and much larger than the values in other frequency bins. We found a p-value of p = 0.60 for this distribution. The only constraint on the ratio of quadrupolar to total heating comes from the non-detection of X-ray emission of quadrupolar flux perturbations during quiescence phases in LMXBs, which gives δT q /δT 0.1 (Ushomirsky et al. 2000) . Currently, there is no reason to believe that this fraction should be constant for all NSs. To account for our uncertainty in this fraction, we distributed δT q /δT flat-in-the-log between 10 −4 − 10 −2 . The result of this simulation is shown in the right panel of Figure 7 . The distribution peaks at low frequencies and then falls off towards higher frequencies. We obtained p = 7.0 × 10 −2 for this case which meant that we could reject the null hypothesis. This shows how this prescription favours δT q /δT being a fixed value. Seeking a physical explanation for this preference of δT q /δT being a fixed value as opposed to being distributed is beyond the scope of this paper and has been left for future work.
Unstable r -modes
An r -mode is a fluid mode of oscillation for which the restoring force is the Coriolis force. Andersson (1998) demonstrated that gravitational radiation destabilises the r -modes of rotating stars. These modes are generically unstable to GW emission (Friedman & Morsink 1998) and satisfy the Chandrasekhar-Friedman-Schutz instability, which facilitates the star finding lower energy and angular momentum configurations that allow the mode amplitude to grow (Chandrasekhar 1970; Friedman & Schutz 1978) .
The r -mode instability has long been considered a potential mechanism for imposing a spin limit on NSs in LMXBs (Andersson et al. 1999) . The typical picture involves a NS being spun up through accretion until it enters the r -mode instability window. This instability region depends primarily on the spin of the NS and its core temperature. Once a NS has entered this region, it will emit gravitational radiation and begin to spin down until it reaches stability. This is expected to occur on a timescale much shorter than the age of the system and should result in most LMXBs being stable. However, theoretical models for the r -mode instability demonstrate that many of the observed accreting NSs, in fact, lie inside the instability window (Ho et al. 2011) . This result would be consistent if the saturation amplitude for these systems was small, α ≈ 10 −8 − 10 −7 , but this is at odds with predictions which suggest that the amplitude should be several orders of magnitude higher than this (Bondarescu et al. 2007 ). Owen et al. (1998) described a phenomenological model for the evolution of r -modes and the spin of the star. In this model the quadrupole moment for a constant density NS that is unstable due to r -modes is given by
An interesting feature of this expression is its dependence on the spin of the NS. As a NS spins faster the quadrupole moment grows. This is different to what is expected from mountains. In fact, r -modes and mountains could be differentiated from one another through the scaling of the quadrupoles as well as the frequency of the emitted GWs; for mountains the GW frequency is 2ν, whereas for r -modes the frequency is 4ν/3. In order to simulate accreting NSs with unstable rmodes, we implemented Equation (24) into our model. We assumed that the mode-amplitude α remained constant for each NS. We repeated the previous simulations for persistent and transient accretors with unstable r -modes and α = 10 −7 . Figure 8 shows the final-spin distributions for those simulations. The unstable r -modes were sufficient in both cases to give a peak at high spin-frequencies. For the persistentlyaccreting NSs, the peak was in the 500 − 550 Hz frequency bin, and for the transient accretors, the peak was in the 550 − 600 Hz bin. These distributions are similar to the case of a permanent quadrupole Q 22 = 10 36 g cm 2 (see Figure 5 ). For transient accretion with unstable r -modes the peak is narrower and more pronounced indicating that the magnitude of the GW torque sets in quickly. This is due to the scaling of the quadrupole in Equation (24), since it depends linearly on the spin. For the persistent case we found a pvalue of p = 0.28 and for the transient case p = 0.57.
We also conducted a simulation where α was distributed flat-in-the-log between 10 −8 − 10 −4 . The result is shown in Figure 9 . We can see, similar to the thermal mountain distribution, that both distributions follow an exponentiallydecreasing behaviour. From these distributions we found p = 1.2 × 10 −2 when the NSs were persistently accreting and p = 1.5 × 10 −3 when they were transiently accreting. From these p-values we can reject the null hypothesis and note that the unstable-r -modes prescription produces more promising results when α is fixed, which is in agreement with current theoretical expectations (Arras et al. 2003; Bondarescu et al. 2007 ).
CONCLUSIONS
An unresolved problem in the study of LMXBs is the unusual spin distribution of rapidly-accreting NSs and, in particular, why no NS has been observed to spin close to the centrifugal break-up frequency. A potential explanation to this problem comes from GWs. Theoretically, GWs could be able to spin down these systems away from the break-up frequency. However, there are a number of different mechanisms that could give rise to gravitational radiation and it is unclear which are the most probable. It is also unclear whether GWs are the only way to explain the observed distribution of accreting NSs.
In this paper, we have explored whether GWs are necessary in order to describe the spin evolution of accreting NSs and have compared competing GW mechanisms. We presented our model for the spin evolution of an accreting NS which accounts for accretion and magnetic-field effects, and also includes a GW spin-down component. Our model is able to simulate persistent and transient accretors.
In our simulations with no GW torques we obtained NSs with much higher spins than what is observed. We did not obtain any of the characteristic behaviour of the observed spin distribution. In particular, there was no evidence of a pile-up at high frequencies. However, by adding a permanent quadrupole moment, motivated by torque balance, of Q 22 = 10 36 g cm 2 we obtained qualitatively similar behaviour to the observed distribution for the transiently-accreting NS population.
We investigated two GW-production prescriptions. For thermal mountains produced by asymmetric nuclear reactions in the crust, our model was sensitive to the precise features of the outburst profile, as well as the ratio of quadrupolar to total heating, δT q /δT. We found that a value of δT q /δT = 4 × 10 −4 produced a similar distribution to what is observed. Promisingly, this gave the characteristic pile-up at high frequencies with a narrow, pronounced peak. We examined whether the distributions had a preference for δT q /δT being a single value or being distributed and found strong evidence arguing that it should be a fixed value. Accreting NSs with unstable r -modes and α = 10 −7 produced similar results to the case with a fixed quadrupole moment and the thermal mountain prescription. This prescription favoured α being fixed as opposed to being distributed. The three cases that produced the most promising distributions that were qualitatively similar to the observed spin distribution -permanent quadrupole, thermal mountains and unstable r -modes -are almost indistinguishable from one another. Although, the r -mode-instability case could, in theory, be differentiated from the other prescriptions. This distinction could come from the fact that the quadrupole moment due to unstable r -modes scales linearly with the spin frequency of the star. Another key difference comes from the frequency of the GWs that are emitted through this channel. Unstable r -modes emit GWs with a frequency of 4ν/3, whereas, GWs due to deformations on a NS have a frequency of 2ν.
For the r -mode scenario, the value for the saturation amplitude that we found to agree well with observation (α = 10 −7 ) is many orders of magnitude below what is currently predicted. Theory would need to explain why this is so, or why the instability window is smaller than what is usually assumed.
We have not addressed the spin distribution of RMSPs in this work. Future work could explore how the LMXB population evolves into the RMSP population and consider whether GWs are relevant in this process and can explain the observed distribution.
